In a Banach space we consider the equation dx(t)/dt = (A + B(t))x(t) (t ≥ 0), where A is a constant bounded operator, and B(t) is a bounded variable operator. Norm estimates for the solutions of the considered equation are derived in terms of the commutator AB(t) − B(t)A. These estimates give us sharp stability conditions. Our results are new even in the finite dimensional case. We also discuss applications of the obtained results to a class of integro-differential equations.
Introduction and statement of the main result
Let X be a Banach space with a norm ‖.‖ and the unit operator I. By B(X) we denote the algebra of bounded linear operators in X. For a C ∈ B(X), σ(C) is the spectrum, ‖C‖ is the operator norm. We consider the equation
dy(t) dt = (A + B(t))y(t) (t ≥ 0), (1.1)
where A ∈ B(X) is a constant operator and B(t) is a function with values in B(X) uniformly bounded on [0, ∞) and Riemann-integrable on each finite segment. A solution to (1.1) for given y 0 ∈ X is a function y : [0, ∞) → X having at each point t ≥ 0 a strong derivative and satisfying (1.1) for all t ≥ 0 and y(0) = y 0 . The existence and uniqueness of solutions under considerations is obvious. Equation (1.1) is said to be exponentially stable, if there are positive constants M, ϵ, such that ‖y(t)‖ ≤ M exp [−ϵt]‖y(0)‖ (t ≥ 0) for any solution of (1.1). Equation (1.1) can be considered as the equation
dx(t) dt = C(t)x(t) (1.2) with a variable linear operator C(t).
This identification which is a common device in the theory of differential equations when passing from a given equation to an abstract evolution equation turns out to be useful also here. Observe that C(t) in the considered case has a special form: it is the sum of operators A and B(t). This fact allows us to use the information about the coefficients more completely than the theory of differential equations (1.2) containing an arbitrary operator C(t). The basic method for the stability analysis of (1.2) is the direct Lyapunov method [5] . By that method many very strong results are obtained, but finding Lyapunov's functions is often connected with serious mathematical difficulties. Norm estimates following from the multiplicative representations of solutions, such as the Wintner inequality [5, Theorem III.3.7] , give us explicit stability conditions, provided C(t) is a dissipative operator (for more details see Section 3 below). In addition, in [14] a stability test for (1.2) has been derived for equations in a Hilbert space whose operator coefficients have "small" derivatives. The approach in [14] is an extension of the freezing method for ordinary differential equations.
Let X(t, s) be evolution operator of (1.1) and U(t, s) (t ≥ s ≥ 0) the evolution operator of the equatioṅ
In this paper, we suggest estimates for the sup-norm of solutions to ( [18] . We also discuss applications of the obtained results to a class of integro-differential equations. The theory of stability of various classes of integro-differential equations is rather rich, cf. [2, 4] , [7] - [10] , [16, 20, 21] and references therein, but stability conditions via commutators have not been investigated.
It is assumed that there are a positive constant c 0 and a real one b 0 , such that
We say that an A ∈ B(X) is stable if its spectrum is in the open left half-plane. Now we are in a position to formulate our main result.
Theorem 1.1. Let condition (1.4) hold and the operator A + b 0 I be stable. In addition, let
and equation (1.1) is exponentially stable.
The proof of this theorem is presented in the next section. Note that under consideration 
Theorem 1.1 is sharp: if A commutes with B(t), then X(t, s) = Y(t, s) (t ≥ s). From (1.6) it directly follows
Proof. We have
(t−s) B(t) − B(t)e A(t−s) .
We thus get the required result.
The previous lemma is a generalization of Lemma 2.1 from [15] .
Lemma 2.2. With the notation F(t, s) := [e A(t−s) , B(t)]U(t, s), let
and
= Ae A(t−s) U(t, s) + e A(t−s) B(t)U(t, s) = (A + B(t))e A(t−s) U(t, s) + F(t, s).

Thus, ∂Y(t, s)/∂t = (A + B(t))Y(t, s) + F(t, s). (2.4)
Subtracting (1.1) from (2.4), for a fixed s, we get
s)) = (A + B(t))(Y(t, s) − X(t, s)) + F(t, s). (2.5)
Since Y(s, s) = X(s, s) = I, we can write
Consequently,
and therefore
Hence, for any finite t > 0 we obtain
This proves (2.2). From (2.6) and (2.2), inequality (2.3) follows. This proves the lemma. 
1). Then duϵ(t)/dt = (A + B(t) + ϵI)uϵ(t). (2.10)
Applying our above arguments to (2.10) one can assert that equation (2.10) with small enough ϵ > 0 is Lyapunov stable. So due to (2.9) equation (1.1) is exponentially stable. This proves the theorem.
Auxiliary results
To apply Theorem 1.1 to integro-differential equations we need some auxiliary results presented in this section. Introduce the products I.e., the arrow over the symbol of the product means that the indexes of the co-factors increase from right to left. This equality is proved in [6] ; in the finite dimensional case it is proved in [11, Chapter XV, Section 6] but for operators in a Banach space the proof is the same. Furthermore, introduce the products 
for all sufficiently small δ > 0. Then
The passage to the limit as m → ∞ and representation (3.2) give the required estimate.
Similarly, applying representation (3.1), we obtain the following result.
Lemma 3.2. Let there be a real Riemann-integrable function function ϕ(t), such that
for all sufficiently small δ > 0. Then inequality (3.4 
